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ABSTRACT 
We say that a sign-pattern matrix of R requires the Perron property if every real 
matrix A in Q(B) satisfies the Perron property. We characterize the linear operators 
that strongly preserve matrices whose sign patterns require the Perron property. We 
show that any such linear operator T is nonsingular and can be written as the direct 
sum of two linear operators, the first acting on diagonal matrices and the second 
acting on matrices with diagonal entries all zero. 0 1998 Elsevier Science Inc. 
1. INTRODUCTION 
A matrix whose entries consist of the symbols (+, -, 0) is called a 
sign-pattern matrix. For each n X n sign-pattern matrix B, there is a natural 
class of real matrices whose entries have the signs indicated by B. If 
B = (bij) is an n X n sign-pattern matrix, then the sign-pattern class of B is 
defined by 
Q(B) = {A E M,( R)(sgn A = B}. 
Throughout this paper, we let JV denote the index set {1,2,. . . , n}. 
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Given a property P that a real matrix may enjoy, we say that the 
sign-pattern matrix B requires P if A E Q(B) implies that P holds for A. 
Similarly, B allows P if there is a matrix in Q(B) for which P holds. 
Our interest here is in the property that an n X n matrix has its spectral 
radius among its eigenvalues. A sign-pattern matrix B is said to require the 
Perron property if every real matrix A whose entries have the sign pattern 
indicated by B has the property that the spectral radius of A is an eigenvalue 
of A. A linear operator T on M,(R) is said to strongly preserve the Perron 
property provided that A E M,(R) has the Perron property if and only if 
T(A) has that property. According to the Perrron-Frobenius theorem, every 
sign-pattern matrix whose entries are + or 0 requires the Perron property. If 
all simple cycles of a sign-pattern matrix B are nonnegative, we say B is 
cyclically nonnegative. 
Let F be a field, and M = M,,(F) be the set of all m X n matrices over 
F. For a linear operator T on M, we say T preserves a subset 3 of M if 
T(3) ~3; it preserves Xstrongly if T preserves both % and the comple- 
ment set of 3? in M. 
An n X n matrix with only one nonzero entry, say the (i,j)th entry, Eij, 
is called a cell. We let 8 be the set of all cells. A cell is a matrix having only 
one arc in its digraph. It is called a loop cell or a link cell according as the arc 
is, or is not, a loop in its digraph. We denote the sum of link cells whose ith 
row is nonzero by Ri, i.e., Ri = C;= 1 k + i Elk, and the sum of cells other 
than loop cells whose jth column is nohzero by Cj, i.e., Cj = Cz= 1, k + jE,j. 
Let A be any nonempty subset of JK A matrix S is called a graphical instar 
if it is a sum of link cells with a common column, i.e., S = Cj E A Eij for some 
j E.K Similarly, a matrix S’ is called a graphical outstar if it is a sum of link 
cells with a common row, i.e., S’ = CjE A Eij for some i ELK We let IAl 
denote the number of nonzero entries in a matrix A. If S is a graphical instar 
(or outstar, respectively) and I SI = k, th en S is called a graphical k-instar (or 
k-outstar, respectively). A graphical k-star is a graphical k-instar or a graphi- 
cal k-outstar. Let K = J - I, where J is the matrix whose entries are all 1 
and Z is the identity matrix. 
2. LINEAR OPERATORS THAT STRONGLY PRESERVE THE 
PERRON PROPERTY 
Throughout this section we shall assume that T is a linear operator on 
M,(R) which strongly preserves matrices whose sign patterns require the 
Perron property. 
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LEMMA 1 [4, Theorem 1.11. An n X n sign-pattern matrix B requires 
the Perron property if and only if B is cyclically nonnegative. 
COROLLARY 1. T strongly preserves the Perron property f and only if T 
strongly preserves the set of cyclically nonnegative matrices. 
A diagonal matrix S with only + L or - 1 entries is called a signature 
matrix, and a real matrix A is said to be signature similar to B if SAS1 = B 
for some signature matrix S. 
LEMMA 2. The set of real matrices whose sign pattern requires the 
Perron property is closed under the following operations: 
(i) signature similarity, 
(ii) permutation similarity, and 
(iii) transposition. 
LEMMA 3. The linear operator T is nonsingular. 
Proof. Suppose that A E Ker T, A = (aij) # 0. Then T(A) = T( -A) 
= 0 implies that A is acyclic or has even-length positive cycles. Assume that 
au0 < 0, and define B = (bij) by bij = 1 + laijl if (i,j) = (v, U) and 0 
otherwise. Then A + B is not cyclically nonnegative, but T( A + B) = T(B) 
is. That is a contradiction. ??
Let A = (aij> and B = (bij) be in M,(R). We denote the Hadamard 
product of A and B by A0 B, i.e., A0 B = (aijbij), and we say that B 
dominates A (written B > A or A < B) if bij = 0 implies aij = 0 for all i, j 
in N. 
The term rank of a matrix A, t(A), is defined as the least number of 
lines (rows or columns) needed to include all the nonzero entries of A. The 
following lemma will be used later. 
LEMMA 4 [l, Corollary 3.1.21. Suppose that T is a nonsingular linear 
operator on M,,(F), where F is any field. The operator T preserves the set of 
matrices of term rank 1 if and only if T is one of, or a composition of some of, 
the following operators : 
(1) x -+ XT. 
(2) X + PXQ for some fixed but arbitrary permutation matrices P and Q 
in M,(F). 
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(3) X -+ B 0 X for some fixed but arbitrary matrix B in M,(F) with no 
zero entries. 
The following lemmas are used to establish relations between the 
Perron-properties preservers and the term-rank-l preservers. 
LEMMAS. (K)oz = 0. 
Proof. Suppose that T( K)o Z # 0. it follows that there exists an E,,, 
i # j, such that T( Elj> 0 Z # 0. Therefore, T( Eij) contains a loop and T( - Eij) 
contains a negative loop. This contradicts the fact that T strongly preserves 
the set of cyclically nonnegative matrices. Therefore, T(K) 0 Z = 0. The proof 
is complete. ??
LEMMA 6. The linear operator T is bijective on the set of off-diagonal 
cells. 
Let X = (xU,) be a matrix of n2 indeterminates. Then Y = T(X) is a 
mar-ix whose entries are linear polynomials in the n2 variables x,,. Let Xij 
be the matrix X is variables x?& = 0, k = 1,. . . , n, and xii = 0. Here, we 
have that T(Xij) has all diagonal entries zero and the off-diagonal entries 
polynomials in the variables xUo, u # v and (u, v) # (i,j). Now, if each 
off-diagonal entry of T( Xij> is a nonzero polynomial, choose x,, > 0, u # v 
and (u, v) # (i,j), so that T(Xij) has all off-diagonal entries positive. Then, 
for E > 0 sufficiently small, T(Xij) - T(EE,~) has all off-diagonal entries 
positive. By Lemma 5, all the diagonal entries of T(Xij) - T(EE,~) are zero, 
and hence T(Xij) - T(eEjj) is cylcically nonnegative. However, Xjj - ??Eij 
has a negative cycle, a contradiction. Thus, for each i # j, T(Xij) has some 
entry, say the (i’, j’) entry with i’ # j’, that is zero. Since T is nonsingular, 
the mapping (i, j) + (2, j’) is a bijection on the set of ordered pairs (i, j> 
such that i #j. That is, we have, for i #j, T(Ejj) = ‘Y,~E,,,~~ for some qj. ??
LEMMA 7. 
dominates Eji . 
Zf T(Ep4) dominates Eij for some p # q, then T(E,,) 
Proof. Suppose that Eji < T(E,,) for some (q, p) # (r, s>. By Lemma 
6, T maps off-diagonal cells to off-diagonal cells. Without loss of generality, 
let 
T(E,, + E,,) = Eij + El,. 
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Then, by the linearity of T, 
T(EP, - E,,) = Eij - E Ii' 
Since Eij - Eji has a negative cycle, E,, - E,, must have a negative cycle. 
This is a contradiction. ??
LEMMA 8. T(Z)0 K = 0. 
Proof. Suppose that 
T( Eii) 0 E,, # 0 and k f 1. 
Let T(E,,) = E,, + X, where X = (x,) is a cyclically nonnegative matrix and 
x kl - - 0, since T(E,,) has no negative cycle. By Lemmas 6 and 7, there exist 
two cells E,, and E,, such that T(E,,) = Ekl and T(Esp) = Elk. Then 
Eii - E,, + E,, has a negative cycle. But, 
T( Eii - E,, + Eyp) = T( Eii) - T(Epy) + T(E,~) 
= E,, + X - E,, + E,, 
= X + E,,. 
That is, T( Eii - E,, + E,,) is cyclically nonnegative. This contradiction 
gives T(Z)0 K = 0. ??
LEMMA 9. The linear operator T is bijective on the set of diagonal cells. 
Proof. By Lemma 3 and Lemma 6, it follows immediately that T is a 
bijection on the set of all diagonal matrices. Suppose T(E,,) is not a diagonal 
cell and is not dominated by 
T 
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Without loss of generality, let 
T( Ell) = Eilil + Eiziz + ‘1, 
where the diagonal entries x+, and x+, of X, are zero. Then T(E,,) 
dominates at least one cell Eigi3 which is not dominated by T(E,,). That is, 
T( E,,) = Eigig + XZ 
and, in general, 
T(En-ln-1) = Ei,i, + Xn-In-l. 
But there is no cell Ein+ li,+, such that 
T(E,,) =Ei”+,i,+l +Xn” and in+r +ir,.*.,i,* 
Therefore, 




has no negative cycle. But -Eii + X,7= 1, j+ iEjj has a negative cycle, a 
contradiction. Therefore, T( E,,) is a diagonal cell. Now, suppose that T is not 
one-to-one on the set of diagonal cells. Then there exist distinct cells Eii and 
Ejj such that T(E,,) = T(Ejj) for some i, j EJY. Now T(-Eii + Ejj) has no 
negative cycle. But -Eii + Ejj has a negative cycle, a contradiction. There- 
fore, every linear transformation acting on R” that strongly preserves cycli- 
cally nonnegativity is represented by the Hadamard product of a permutation 
and a positive matrix. R 
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LEMMA 10. The linear operator T preserves graphical 2-stars. 
Proof. Let E,, + E,, be a graphical 2-star and 
T( Eij + Ei,) = E,, + E,,5. 
Suppose that E,, + E,,y is not a graphical e-star (p # r and q # s). Then 
we only need to consider the following two cases: 
Case 1. Let q = r (equivalently p = s). Suppose T(E,,) = E,,. Then 
T(E,, + Ejl - E,,) = E,, + E,, - E,yr,. 
Since E,, + E,, - E,, has a negative cycle, Eil + Ejl - E,,, must have a 
negative cycle. This implies (u, c) = (j, i) or (u, u) = (1, i>, and hence, by 
Lemmas 3 and 5, 
T( Eij - E,,) = T( Eij - Ejl) = E,, - E,, 
T( Ei, - E,,) = T( Eil - Eli) = E,,5 - E,y,. 
Thus, we must have either q = s or p = r, a contradiction. 
Case 2. 
E,,. Then 
Let q # r and p # s. Suppose T(E,,) = E,, and T(E,,) = 
T( Eij + E,” + Eil - E,,,) = E,, + E,, + E,, - E,, a 
Since E,, + E,, + E,, - E,, has a negative 4-cycle, Eij + E,, + Ejl - E,, 
must have a negative cycle. And E, + E,, + Ej, - E,, must have a 2- or 
3-cycle, because Eij + E,, + Eil - E,, cannot have a l- or 4-cycle. But such 
a negative 2- or 3-cycle does not correspond to a negative 4-cycle by T. This 
contradiction completes the proof. W 
LEMMA 11. The linear operator T preserves graphical k-stars for each 
k = 2,3, . . . , n - 1. 
Proof. By Lemma 7, and 10, it is clear. ??
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REMARK. A linear operator T that strongly preserves matrices whose 
sign-pattern requires the Perron property may not be a term-rank-I preserver 
when n > 3. For example, let T be the linear operator on M,(R) defined by 
T( Eii) = Eii (i = 1,2,3), 
T(%) = Es,, T(G) = 417 
W2J = -%a, T( &JJ = 82,) 
T(%) = J%3, Wd = E,,* 
The linear operator T strongly preserves matrices whose sign pattern require 
the Perron property. But the operator is not a term-rank-l preserver, as is 
shown in the following: 
T(B) = T 
a b c 
0 0 0 
0 0 0 ‘II 
forall a,b,c ER. 
That is, t(B) = 1, t(T(B)) = 2. So T does not preserve term rank 1 on 8. 
We know that T is a term-rank-I preserver on the set (Eij 1 i # j, 
i, j EJY), since T preserves a graphical (n - l&star. Also, T is a term-rank-l 
preserver on the set {Eii 1 i EJY). 
Now, we let T be a linear operator on M,(R), and define linear operators 
To and Tl on M,(R) as follows: For each cell E,,, if i =j, then T,(E,,) = 
T(E,,) and T1(Eii) = Ejj, and if i #j, then T,(E,,.) = Eii and T,(Eij) = 
T(Eij). Then extend To and T, to M,(R) by linearity. 
THEOREM 1. T,(X) = P[(X 0 Z>o M]P-’ + X 0 K, where P is a permu- 
tation matrix and M is a real matrix which has positive diagonal entries. 
Proof. Since To is a term-rank-I preserver on the set (E,{ 1 i EJY) and 
To(Eij) = Eij, i fj, we suppose that T,(X) = P,[(X 0 Z>o M]P, + X0 K, 
where Pi, P2 are some permutation matrices and mij z 0 for all i, j EJY: If 
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P, + PL ‘, then T,( E,,) has a nonzero off-diagonal entry. This is a contradic- 
tion to the defintion of T,,. So P, = PI’. Next, since we know mii # 0 for all 
i, suppose that m,, < 0 for some i. Then T,(E,,) = miiEii. This contradicts 
the fact that T,,(E,,) = T(E,,). Therefore, m,, > 0, and I”, fixes X 0 K. The 
proof is complete. ??
THEOREM 2. T,(X) = QS[(Xo K)o LIT’Q-l + X 0 I, where Q is (1 
permutation matrix, S is a signature matrix, and L is a real matrix whose 
off-diagonal entries are all positive. 
Proof. Since T, is a term-rank-l preserver on {Eij 1 i # j} and T&E,,) = 
E,,, 
T,(X) =Q1[(X~K)~M]Q,+X~L 
where Q1, Qz are permutation matrices, and mij # 0 for all i,j EN, Sup- 
pose that Qz # Qr -l. Then, there is a cell E, such that T,( Eij) has a nonzero 
diagonal entry for i # j. This contradicts the definition of I”,. So 
T,(X) =Q[(Xd+M]Q-‘+XoZ. 
Now, without loss of generality, we choose Q = 1. Then, 
T,(X) =(x4+M+X~z. 
We only need to show that S ‘MS = L for some positive matrix L = (lij) 
and some signature matrix S. Suppose that Zij < 0 for some i, j EJ~/: Then 
T,( Eij + E,,) = lijE,, + Z,, Eji. 
Since Eij + Eji is cyclically nonnegative, ZjjEij + lji Eji is also. Hence, Z,i < 0. 
Therefore, the sign pattern of L is symmetric. Now we use this fact to 
conclude the proof. Let S be a signature matrix defined by 
( ml1 ml2 ml” -- s = diag Im,lJ’ Im,,l “*” jrnlnl -1 
and S-‘MS = L. Then ZIj > 0 and ljl > 0 for all j ~Jtr. Suppose that 
Zij < 0 for some i, j > 2, i # j. Then 
T,(Eli + E,, + Eil) = Z1,E,, + liJEij + ZjlEjl. 
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Since llj Eli + lij Eii + ljl Ejl has a negative cycle, this contradicts the defini- 
tion of Tl. Hence, lij > 0 for all i,j > 2, i Zj. Therefore, S-lMS = L, 
where Zij > 0 for all i, j EN and for some signature matrix S. The proof is 
now complete. ??
The following is our main theorem. 
THEOREM 3. Let T be a linear operator on M,,(R). The linear operator 
strongly preserves the set of mtm’ces whose sign-patterns require the Pert-on 
property $and only if 
T(X) = PS[(XoZ+L]S-lP-‘+ Q[(XoZ)d4]Q-’ 
or 
T(X) = PS[(Xc4+ L]TS-lP-l + Q[(XoZ)oM]Q-’ 
where P, Q are permutation matrices, S is a signature matrix, and L, M are 
positive matrices. 
Proof. For any A in M,(R), 
T,T,( A) = T,,T,( A 0 K + A 0 Z) 
= T,[T(AoK) +AoZ] 




Therefore, T = TOT,. Hence, the Theorem 3 follows from Theorems 1, 2 and 
Lemma 2. ??
In conclusion, we give one example of the main theorem. 
OPERATORS PRESERVING THE PERRON PROPERTY 63 
EXAMPLE. Let T(X) = PS[(X fJ K)o I$-‘P-l + @(x 0 I>0 M]Q_l, 
where 
0 0 1 0 
p= 1 0 ] 0 10 0 0 0 0 0 1 0’ 1 
2 1 1 3 
1 4 2 1 
L= 1 $12 
1 \5 1 3 1 
and S = diag{l, -1, -I,]). Let 
\ /I 2 1 3’ 
3 1 2 
M= 
i 
15 3 1’ 
2 f 2 1, 
1 1 -30 2\ 
A=-2 IO-I 
0 02 0 
\ 3 -40 3) 
I 1 3 1 -2 and B 5 -1 1 = 2 12 3 I 1’ 
\-3 2 3 -31 
Then A is cyclically nonnegative, but B contains negative cycles. Since 
11 0 0 o\ 
T(A) 
0 6 2 1 
= 0 3 ] 6 and T(B) = 
\o 4 $ 3 
it follows that T(A) is cyclically nonnegative and 
1 i -2 -2 
2 6 -5 - 3 
-1 -3 -1 -6 
_g -2 _$ - 3 
I T(B) is not. 
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